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Here we supply mathematical details justifying the results reported in the main text. The
standard linear model of quantitative genetics is

y = Xα+ e, (1)

where y ∈ Rn is the vector of standardized phenotypes, α ∈ Rp is a vector of fixed constants
equaling the average effects of gene substitution (Fisher, 1941; Lee & Chow, 2013), e ∈ Rn is
the vector of non-genetic residuals, and X ∈ Rn×p is the matrix of standardized genotypes.
Now recall that the heritability of a phenotype is the proportion of its variance attributable to
differences in the breeding (genetic) values Xα ∈ Rn. Because of standardization, the variance
is the expected squared element of Xα. From these definitions, the heritability of the phenotype
attributable to the average effects of the p SNPs is

h2 = (1/n)α′X ′Xα, (2)

although LD Score regression uses the definition h2
LE = α′α. These quantities, h2 and h2

LE, coin-
cide if all causal SNPs are in linkage equilibrium (LE). As a result of LD induced by assortative
mating and natural selection, this condition will often fail to be satisfied, but the resulting dis-
crepancy between h2 and h2

LE is likely to be small (Tenesa, Rawlik, Navarro, & Canela-Xandri,
2016). Henceforth we will mostly ignore the distinction between these two quantities (and similar
distinctions that arise in the consideration of the genetic correlation).

We consider two different types of averages: 1) the expectation over individuals and 2)
the empirical average over some attribute of SNPs, such as their GWAS association statistics,
represented by the symbols En and Ep respectively. With this convention, X and e are random
variables with the properties

En(ei) = 0,

En(Xij) = 0,

En(X2
ij) = 1,

En(XijXik) = Γjk,

En(Xijei) = vj . (3)
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The last condition represents confounding due to a correlation between SNP j and e. Note that
our representation of confounding as a correlation between a SNP and the non-genetic residual
e is extremely general, including as a special case the sampling of the individuals from different
subpopulations varying in allele frequencies and exposures to environmental causes. We also
note that

En(XijXik) =
1

n

∑
i

XijXik →
1

n
X ′X = Γ. (4)

We will use γj to denote the jth column (row) of Γ ∈ Rp×p, such that the jth LD Score is equal
to

lj = γ′jγj . (5)

1 The slope of univariate LD Score regression as an estimator
of heritability

Let xj be the jth column of X. In the regression of the GWAS phenotype on a single SNP j,

the estimated marginal (univariate) regression coefficient is β̂j = (1/n)x′jy = (1/n)y′xj . Note
that in the absence of confounding, the average effects of gene substitution can be estimated
by the multivariate regression coefficient α̂ = (X ′X)−1X ′y (Fisher, 1941; Lee & Chow, 2013).
Squaring β̂j gives

β̂2
j =

1

n2
x′jyy

′xj

=
1

n2
x′j(Xα+ e)(Xα+ e)′xj ,

which has the expected value over random sampling of individuals

En(β̂2
j ) =

1

n2
En
(
x′jXαα

′X ′xj + x′jXαe
′xj + x′jeα

′X ′xj + x′jee
′xj
)
. (6)

To evaluate Equation (6), we must compute the multivariate fourth moment of X, which is
in general difficult to estimate given current GWAS population sizes. However, the multivariate
fourth moment for a zero-mean random variable can be written as

En(xaxbxcxd) = En(xaxb)En(xcxd) + En(xaxc)En(xbxd) + En(xaxd)En(xbxc) + c4(xa, xb, xc, xd)
(7)

where c4 is the multivariate fourth cumulant, which captures any four-body interactions beyond
pairwise correlations. Barring undue multiple-site selection pressure, c4 should be small and can
be neglected. Note that the adequacy of this assumption for our purposes is borne out by the
simulation results reported in the main text. Applying (7) with c4 set to zero to the first term
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of Equation (6) and recalling that (x′jX)k =
∑n

i=1XijXik, yields

En(x′jXαα
′X ′xj)

=
∑

k,k′,i,i′

αkαk′En
(
XijXikXi′jXi′k′

)
≈
∑
k,k′,i,i

αkαk′ [En(XijXik)En(Xi′jXi′k′) + En(XijXi′j)En(XikXi′k′) + En(XijXi′k′)En(XikXi′j)]

(8)

which is straightforward to evaluate. The first term of (8) yields∑
k,k′,i,i′

αkαk′En(XijXik)En(Xi′jXi′k′) = n2
∑
k,k′

αkαk′ΓjkΓjk′

= n2β2
j , (9)

where we have employed the identity

βj =
∑
k

Γjkαk = γ′jα

implied by the path-tracing rules (Wright, 1934) and which can also be seen by noting that
(X ′X)α̂ = X ′y = nβ̂ and X ′X = nΓ.

The second term of (8) gives∑
k,k′,i,i′

αkαk′En(XijXi′j)En(XikXi′k′) =
∑
k,k′,i

αkαk′En(X2
ij)En(XikXik′)

= n
∑
k,k′

αkαk′Γkk′

= nα′Γα (10)

= nh2. (11)

If
∑

k 6=k Γkk′αkαk′ is negligible then Γ is approximately the identity matrix and h2 = h2
LE. Note

that this is the quantity distinguishing the two definitions of heritability mentioned above. If
all causal sites (αk 6= 0) are in LE (Γkk′ = 0), then the approximation is exact. Hereon, we will
set h2 = h2

LE. In the third term of (8), the expectation factor En(XijXi′k′) is zero except when
i = i′, and thus the third term can be evaluated to∑

k,k′,i,i′

αkαk′En(XijXi′k′)En(XikXi′j) =
∑
k,k′,i

αkαk′En(XijXik′)En(XikXij)

= n
∑
k,k′

αkαk′Γjk′Γjk

= nβ2
j . (12)
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Together they yield ∑
k,k′,i,i′

αkαk′En
(
XijXikXi′jXi′k′

)
≈ (n2 + n)β2

j + nh2. (13)

The second, third, and fourth expectation terms in Equation (6) can be evaluated similarly.
Factors of the form En(Xijei) can be replaced with vj—the confounding-induced covariance
between SNP j and the non-genetic residual. The result is∑

k

2n2αkΓjkvj +
∑
k

2nαkvjΓkj +
∑
k

2nαkvk

+ n2v2
j + nv2

j + n

[
1− h2 − 2Covn

(∑
k

Xikαk, ei

)]
= 2n2βjvj + 2nβjvj + n2v2

j + nv2
j + n(1− h2). (14)

Substituting (13) and (14) back into Equation (6) and assigning χ2
j = nβ̂2

j gives

En(χ2
j ) = (n+ 1)β2

j + 1 + 2(n+ 1)βjvj + (n+ 1)v2
j

≈ nβ2
j + nv2

j + 2nβjvj + 1

= n(γjα)2 + nv2
j + 2nβjvj + 1. (15)

If we let θj be the angle between γj and αj then

En(χ2
j ) = nα′αlj cos2 θj + nv2

j + 2nvj |αj |
√
lj cos θjβj + 1. (16)

Now consider how the chi-square statistic is related to the heritability, in the manner of Bulik-
Sullivan et al. (2015a). Their formulation, in our notation, is

Ep(χ2
j | lj) ≈

n

p
ljh

2 + nv2
j + 1. (17)

In the absence of confounding (v = 0), a direct comparison to (16) shows that in order for (17)
to hold,

h2 = α′αpEp(cos2 θj) (18)

which is not true in general. This clearly demonstrates that LD Score regression is not a reliable
estimator for heritability. However, if the γj are uniformly distributed at random with respect
to α (i.e. LD score is not correlated with effect size), then we have Ep(cos2 θj) = 1/p and the
slope is a good estimator of heritability.

2 The intercept of univariate LD Score regression as an estima-
tor of confounding

Suppose that the relationship between Ep(v2
j | lj) and lj is linear. (This includes as a special case

the independence of these two quantities.) Then define v2
0 as the intercept of the regression line

relating Ep(v2
j | lj) and lj .
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From (15), (16), and the linearity of regression, we see that the intercept of LD Score
regression is always 1 + nv2

0 as long as two additional conditions are satisfied:

1. the regression of β2
j on lj has intercept zero;

2. the regression of βjvj on lj has intercept zero.

Condition 1 is perhaps the most difficult to meet. If the slope is an unbiased estimate of
heritability, then cos2 θj in β2

j = nα′αlj cos2 θj becomes the constant 1/p in the regression. As

a consequence, the predicted values of β2
j obtained as we set lj = 0, 1, 2, . . . and so forth indeed

lie on a straight line, and the linear extrapolation from the empirically realizable values lj ≥ 1
will terminate in the origin (0, 0). But if the slope is a biased estimate of heritability, then
cos2 θj cannot be treated as a constant and the conditional averages of β2

j = nα′αlj cos2 θj for
lj = 0, 1, 2, say, need not lie on a straight line. The linear extrapolation from lj ≥ 1 may thus
miss the origin and lead to a failure of Condition 1. Since in practice this bias seems to lead
most often to a spurious increase of the total LD Score regression intercept (due to downward
attenuation of the slope), the intercept thus typically provides a conservative correction of the
GWAS statistics (Loh, Kichaev, Gazal, Schoech, & Price, 2018).

Condition 2 is trivially satisfied if βjvj has zero mean and is uncorrelated with lj . This is
expected since it is unlikely that there would be a correlation over SNPs between the regression
coefficient induced by true genetic effects and the extent of confounding with non-genetic factors
affecting the phenotype. (Figure 1 of the main text depicts a situation in which such a correlation
does occur, and we will shortly show that in this case the relevant intercept is unaffected.) It is
also unlikely that there will be a correlation within any bin of SNPs with the same LD Score.

We have just shown that the total intercept of LD Score regression is expected to equal or
exceed 1 + nv2

0 under fairly general conditions. There is a subtlety of interpretation in that
1 + nv2

0 is not necessarily the average chi-square statistic of all null SNPs. It is instead a linear
extrapolation to the average chi-square statistic of SNPs that are null by virtue of tagging few
other SNPs of any kind. Whether we can expect this to approximate the average chi-square
statistic of all null SNPs is an issue considered in the main text.

Figure 1 of the main text depicts an example where the generalization from low-lj to high-lj
SNPs is justified. This example can be represented by

offspring SNP j
Γjk←−→ offspring SNP k

αk−→ offspring trait (19)

contributing to βj and the confounding path

offspring trait
λ←− parent trait

αk←− parent SNP k

Γjk←−→ parent SNP j
1/2−−→ offspring SNP j (20)

making a contribution to vj of the same sign. Note we have used λ to denote the direct causal
effect of parent on offspring phenotype. This type of confounding is rather peculiar in that it
only inflates the regression coefficients of SNPs truly associated with the trait by an amount that
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depends on their unconfounded coefficients (Lee, 2012). That is, those SNPs with the largest
values of

β2
j =

(∑
k

Γjkαk

)2

will also have the largest values of

βjvj ∝
1

2
λ

(∑
k

Γjkαk

)2

and v2
j ∝

(
1

2
λ
∑
k

Γjkαk

)2

.

This is a form of lj-dependent confounding because (2βjvj + v2
j ) grows with the LD Score lj ,

just as does β2
j . But the corollary is that if the genuine association

∑
k Γjkαk is null, then the

spurious association (2βjvj + v2
j ) is null as well because

∑
k Γjkαk is a factor in both of these

latter terms. The intercept then provides a valid estimate of the lj-independent confounding at
SNPs with higher values of lj .

But consider now the case of a parental trait affecting an offspring trait with which it is
genetically uncorrelated. A paradigm example of this case is a heritable nurturing trait such
as intrauterine prenatal environment or milk yield affecting some distinct trait in the offspring,
such as body size. Here the paths both labeled with αk in (19) and (20) no longer have the
same path coefficient; in particular, the coefficient in (19) might be zero even as the one in (20)
is nonzero. The proportionality between β2

j and (2βjvj + v2
j ) no longer holds, and therefore this

type of confounding is not reflected in the intercept of LD Score regression.

3 Bivariate LD Score regression as an estimator of genetic cor-
relations

The linear model for two traits is given by

y1 = X1α1 + e1,

y2 = X2α2 + e2. (21)

The genetic correlation is defined as r := α′1α2/
√
h2

1 h
2
2. We will use rLDSC to denote the genetic

correlation as it is estimated by bivariate LD Score correlation and examine when it gives an
unbiased estimate of r. The dependent variable in bivariate LD Score regression is the product
of SNP j’s two Z statistics,

nβ̂1j β̂2j =
1

n
x′jy1y

′
2xj

=
1

n
x′j(Xα1 + e1)(Xα2 + e2)′xj ,

which has the expected value

En(Z1jZ2j) =
1

n
En
(
x′jXα1α

′
2X
′xj + x′jXα1e

′
2xj + x′je1α

′
2X
′xj + x′je1e

′
2xj
)
.
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As before, we can use the small c4 approximation to evaluate the expectation and obtain

En(Z1jZ2j) ≈ nβ1jβ2j + nβ1jv2j + nβ2jv1j + nv1jv2j

+ Covn

(∑
k

Xikα1k, e2i

)
+ Covn

(∑
k

Xikα2k, e1i

)
+ ρ. (22)

where ρ := ρg + ρe, ρg := α′1α2 = α′2α1 is the genetic covariance, and ρe := En(ei1ei2) is the
environmental covariance. The last three terms in (22) arise from the coincidence of the person
indices in the summations and thus become smaller with decreasing sample overlap. They vanish
if the samples are independent. Henceforth we ignore these overlap-dependent terms. We are
then left with

En(Z1jZ2j) ≈ nβ1jβ2j + nβ1jv2j + nβ2jv1j + nv1jv2j

= nγ′jα1γ
′
jα2 + nβ1jv2j + nβ2jv1j + nv1jv2j . (23)

from which we can infer the genetic correlation by regression on LD Score.
The analogous expression from Bulik-Sullivan et al. (2015b) is

Ep(Z1jZ2j | lj) ≈
n

p
α′1α2γ

′
jγj :=

n

p
ρg,LDSClj (24)

and the estimate of genetic correlation is given by

rLDSC =
ρg,LDSC√

h2
1,LDSC h

2
2,LDSC

, (25)

where h2
i,LDSC is estimated from univariate LD Score regression. In the regression of Z1jZ2j on

lj to obtain ρg,LDSC, the slope is naively expected to be proportional to the genetic covariance.
In the absence of confounding and sample overlap, the intercept is zero since the expected
product of two independent and null-distributed Z statistics is zero. Any upward departure of
the intercept from zero in this case is indicative of confounders affecting both traits, just as an
upward departure from unity is analogously indicative of confounders affecting the focal trait in
the univariate case.

The expectation value of (23) over all SNPs and (24) are equivalent if

ρg,LDSC ≡ Ep
(

1

p
α′1α2γ

′
jγj

)
= Ep(γ′jα1γ

′
jα2), (26)

which is not generally true. As in the univariate case above, the righthand side of Equation (26)
can be rewritten as

Ep(γ′jα1γ
′
jα2) = |α1||α2|ljEp(cos θ1

j cos θ2
j ), (27)

where cos θkj is the unit-vector projection of αk onto γj . From (27) we can see two sources of
bias, which can be interpreted geometrically. The first is the nontrivial correlation between γj
and αk as in the univariate case and manifested as nonuniformity in cos θkj . We will see that
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this bias cancels from the numerator and denominator of Equation (25). The second source of
bias is that the γj vectors do not form an orthogonal basis over SNP space, which then distorts
the angle between the projection of α1 and α2 onto the γ basis. The expectation over SNPs in
(27) is equivalent to taking the dot product between cos θ1

j , which is the unit vector projection

of α1 onto γj , and cos θ2
j .

We first assume that the γj form an orthogonal basis and there is no correlation between
lj and cos θj . (In reality, they are nearly orthogonal since γ′jγk vanishes for |j − k| sufficiently
distant.) Then the angle between α1 and α2 is preserved in the new basis, and we have the
condition

Ep(γ′jα1γ
′
jα2) = |α1||α2|

√
Ep(cos2 θ1

j )Ep(cos2 θ2
j ) cos θ12lj ,

= α′1α2

√
Ep(cos2 θ1

j )Ep(cos2 θ2
j )lj ,

where θ12 is the angle between α1 and α2. We can then obtain

ρg,LDSC ≈ α′1α2p
√
Ep(cos2 θ1

j )Ep(cos2 θ2
j ). (28)

Inserting (28) and (18) into (25) then gives

rLDSC ≈
α′1α2p

√
Ep(cos2 θ1

j )Ep(cos2 θ2
j )√

α′1α1pEp(cos2 θ1
j )α
′
2α2pEp(cos2 θ2

j )

=
α′1α2√
α′1α1α′2α2

,

which is an unbiased estimator of the genetic correlation.
If the γ vectors do not form an orthogonal basis, then LD Score regression will not produce an

unbiased estimator of genetic correlation. We can estimate the bias by considering the eigenvalue
decomposition S′ΓS = Λ, where S is the orthonormal matrix with columns of eigenvectors and
Λ is the diagonal matrix of eigenvalues. We then have

pEp(γ′jα1γ
′
jα2) =

∑
j

γ′jα1γ
′
jα2

= α′1ΓΓ′α2

= α′1SS
′ΓSS′Γ′SS′α2

= α′1SΛ2S′α2.

We now decompose Λ2 = λ2I + ∆, Tr ∆ = 0, where λ2 represents the average correlation of γj
and α and ∆ represents the deviation from orthogonality. This yields

pEp(γ′jα1γ
′
jα2) = λ2α′1α2 + α′1S∆S′α2. (29)
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The genetic correlation is then given by

λ2α′1α2 + α′1S∆S′α2√
λ2α′1α1 + α′1S∆S′α1

√
λ2α′2α2 + α′2S∆S′α2

=
α′1α2√
α′1α1α′2α2

1 + α′1S∆S′α2/λ
2α′1α2√

1 + α′1S∆S′α1/λ2α′1α1

√
1 + α′2S∆S′α2/λ2α′2α2

. (30)

The λ2 bias is effectively cancelled by the same biases in the heritability estimates but the ∆
bias will remain. The effect of the ∆ bias is also most pronounced when the genetic correlation
is low. It vanishes if the genetic correlation is unity.

We now address the accuracy of bivariate LD Score regression in the case of confounding by
parent genotype. As shown above the bivariate LD Score regression makes use of three separate
regressions:

1. the regression of Z1jZ2j := nβ̂1j β̂2j on lj ;

2. the regression of χ2
1j := nβ̂2

1j on lj ; and

3. the regression of χ2
2j := nβ̂2

2j on lj .

The numerator of the estimated genetic correlation is the slope of regression 1. The denominator
is the square root of slope 2 times slope 3. Thus, if lj is independent of all terms in Equation (23)
other than β2

j1, β2
j2, and β1jβ2j (the standard assumption), then bivariate LD Score regression

estimates the quantity

rLDSC =
Covp(β1jβ2j , lj)√

Covp(β2
1j , lj)Covp(β2

2j , lj)
. (31)

If Equation (31) is an unbiased estimator of the genetic correlation, then all we need to show
is that the output of bivariate LD Score regression continues to be given by Equation (31) even
when the type of confounding represented by the path in (20) is operating.

Introducing the subscripts 1 and 2 to denote the trait, we note again that those SNPs with
the largest values of

β2
1j =

(∑
k

Γjkα1k

)2

will also have the largest values of

β1jv1j ∝
1

2
λ1

(∑
k

Γjkα1k

)2

and v2
1j ∝

(
1

2
λ1

∑
k

Γjkα1k

)2

.

Similarly, those SNPs with the largest values of β1jβ2j will have the largest values of β2jv1j ,
β1jv2j , and v1jv2j . This means that the rank-correlation matrix of the variables

(lj , β
2
1j , β

2
2j , β1jβ2j)
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in the absence of the path in (20) will be the same as that of

(lj , β
2
1j + 2β1jv1j + v2

1j , β
2
2j + 2β2jv2j + v2

2j , β1jβ2j + β1jv2j + β2jv1j + v1jv2j)

in the case when the path is active.
The estimator of the genetic correlation becomes

rLDSC =
Covp(β1jβ2j + · · · , lj)√

Covp(β2
1j + · · · , lj)Covp(β2

2j + · · · , lj)

=

(
1 + λ1

2 + λ2
2 + λ1λ2

4

)
Covp(β1jβ2j , lj)√(

1 + λ1 +
λ21
4

)
Covp(β2

1j , lj)
(

1 + λ2 +
λ22
4

)
Covp(β2

2j , lj)

=
Covp(β1jβ2j , lj)√

Covp(β2
1j , lj)Covp(β2

2j , lj)
,

in agreement with Equation (31).
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Table S1: The estimated heritabilities in simulations based on the MCTFR
genetic data to test the accuracy of estimated genetic correlations

Condition Trait 1 heritability Trait 2 heritability

True genetic correlation 0
Unbiased heritability 0.971 (0.953, 0.989) 0.843 (0.825, 0.860)
Heritability biased low 0.541 (0.525, 0.557) 0.577 (0.561, 0.591)
Heritability biased high 0.673 (0.656, 0.689) 0.694 (0.677, 0.711)
One trait low, other high 0.276 (0.260, 0.293) 0.797 (0.777, 0.817)

True genetic correlation 0.2
Unbiased heritability 0.631 (0.613, 0.648) 0.660 (0.643, 0.677)
Heritability biased low 0.379 (0.361, 0.398) 0.380 (0.364, 0.396)
Heritability biased high 0.832 (0.812, 0.852) 0.886 (0.868, 0.904)
One trait low, other high 0.552 (0.533, 0.571) 0.867 (0.848, 0.886)

True genetic correlation 0.5
Unbiased heritability 0.854 (0.838, 0.870) 0.838 (0.821, 0.856)
Heritability biased low 0.588 (0.571, 0.606) 0.618 (0.601, 0.635)
Heritability biased high 0.873 (0.856, 0.890) 1.105 (1.086, 1.123)
One trait low, other high 0.467 (0.449, 0.485) 0.861 (0.841, 0.880)

True genetic correlation 0.8
Unbiased heritability 0.822 (0.804, 0.840) 0.800 (0.782, 0.817)
Heritability biased low 0.454 (0.436, 0.473) 0.539 (0.519, 0.559)
Heritability biased high 0.799 (0.779, 0.819) 0.886 (0.869, 0.903)
One trait low, other high 0.320 (0.308, 0.342) 0.830 (0.813, 0.847)

LD Score regression was used to estimate the heritabilities of the two
simulated traits in the MCTFR parents. For each of the conditions, 100
replicates were conducted. The parentheses enclose the 95% confidence
intervals. The true heritability was fixed to 0.8 in all conditions.
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Figure S1: The performance of the LD Score regression intercept in simulations based on the
MCTFR genetic data, in the case of zero heritability. Each bar and its error correspond to the
average of the quantity over 200 replicates and 95% confidence interval. Unrelated is a sample of
2,007 nominally unrelated offspring; DZ twin augments that sample with 694 individuals, each
of whom is a dizygotic twin of an original sample member. In the confounding by parent genotype
condition, half the average of the two parental phenotypic values was added to the offspring’s
phenotype. The left panel displays the estimate of heritability based on the regression slope, the
center panel displays the intercept, and the right panel displays the mean chi-square statistics
of SNPs on even chromosomes (simulated to be non-causal) divided by the intercept.
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